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Abstract. Let B be any space or any Banach space isomorphic to a Hilbert 
space, and fc > be integer. We show that if n > 4, then the universal lattice T — 
SLn{Z[Xi, . . . ,Xk]) has property (F^) in the sense of Bader-Furman-Gelander- 
Monod. Namely, any afhne isometric action on B has a global fixed point. The 
property of having (F_b) for all B is known to be strictly stronger than Kazhdan's 
property (T). We also define the following generalization of property (Fs): the 
boundedness property of all affine quasi- actions on B. We name it property (FF^) 
and prove that the group F above also has this property for non-trivial linear part. 
The conclusion above implies that the comparison map H^iT-. B) H^{T; B) from 
bounded to ordinary cohomology is injective, provided that the associated linear 
representation has no trivial part. 

1991 Mathematics Subject Classification: primary 22D12; secondary 20F32 

1. Introduction and main results 

Kazhdan's property (T), which was first introduced in [16], represents certain 
forms of rigidity of a group, and now it plays important role in wide range of 
mathematical fields: for instance, see [3j. Property (T) is initially defined in terms 
of unitary representations. Recall that a group F is defined to have property (T) if 
any unitary representation (vr, H.) of F does not admit almost invariant vectors in 
'H-^fj.y (The symbol '^'^(t) nieans the orthogonal complement of the subspace of all 
7r(F)-invariant vectors.) Here a representation p of a group F on a Banach space B is 
said to admit almost invariant vectors if for any compact set F C F and any e > 0, 
there exists x G S{B) (, namely, with ||x|| = 1,) such that sup^g^^ ||p(s)x — x\\ < e 
holds. P. Delorme [9j and A. Guichardet [13] have shown that for any locally compact 
and second countable group F, property (T) is equivalent to Serre's property (FH): 
a group F is said to have (FH) if any affine isometric action on a Hilbert space has 
a global fixed point. 

In 2007, Bader-Furman-Gelander-Monod [2] investigated similar properties in 
the broader framework of general Banach spaces. They named the Kazhdan type 
property and the fixed point property respectively {Tb) and [Fb)- For convenience, 
we would like to use the following symbols for certain classes of Banach spaces. 

• The symbol is defined as the class of all spaces (on arbitrary measures). 
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• The symbol [H] is defined as the class of all Banach spaces which are iso- 
morphic to Hilbert spaces. 

Bader-Furman-Gelander-Monod proved the following theorem and revealed that 
(F^) is stronger than (T^) in general. We note that the statement for [H] in [iii) 
in the theorem is due to Y. Shalom in his unpublished work. (We mention that the 
original statement requires a-finiteness of measure spaces in {ii ), but the argument 
in [2], §4.b] works for general cases.) 

Theorem 1.1. Theorem A and Theorem B]) Let G be a locally compact and 
second countable group, 
{i) For any Banach space B, property (F^) implies property (T^). 
{ii) Property (T) is equivalent to property (T^,?), where p G (l,oo). It is also 

equivalent to property (F^p), where p G (1,2]. 
{iii) Suppose that G = Il^iGi{ki) , where ki are local fields and Gi{ki) are ki- 
points of Zariski connected simple ki-algebraic groups. If each simple factor 
Gi{ki) has ki-rank > 2, then G and the lattices in G have property (F^p) for 
1 < p < oo and property (F[7-^]). 

They also mentioned that both of the properties "(F^p) for all 2 < p < oo" and 
(F[-^]) are stronger than (T). Indeed, G. Yu [22] has proved that any hyperbolic 
group, including one with (T), admits a proper affine isometric action on some 
space. Existence of a proper affine action represents opposite nature to rigidity of 
a group. Hence higher rank algebraic groups and lattices have stronger rigidity 
than hyperbolic (T) groups do. We also note that Y. Shalom has announced that 
Sp{n,l) fails to have (Tj^^j). The author does not know whether there exists an 
infinite hyperbolic group with (F^t^j) (or (Tf-^])). 

From the backgrounds above, it seems to be a significant problem to establish 
(F^p) (1 < p < oo) and (F[-^]) for certain groups. However as far as the author knows, 
the only known examples were the groups in {iii) of Theorem I l.li One of the main 
results of the paper is to provide a new example. The group S Ln{'Zj[Xi, • • • , ^fc]) is 
called the universal lattice by Y. Shalom |25j . 

Theorem 1.2. Let k > be an integer. Then for n > A, the universal lattice 
SLn{I^[Xi, . . . ,Xk]) has property (Fc). Here C stands for either the class L^ (1 < 
p < oo) or the class [H] . 

We note that this theorem particularly implies property {Tin]) of universal lattices 
with n > A. It follows from {i) of Theorem 11.11 

For our proof of Theorem 11.21 we need to deduce (F^) from (T^). There are the 
following two well known cases in which the direction above is true: first, the case 
that B = Ti is due to P. Delorme [9] with the aid of conditionally negative definite 
functions. Second, the case of a higher rank algebraic group is treated in 0, §5]. 
In this case, the Howe-Moore property of simple algebraic groups is the key. By 
making use of the relative versions of (T^) and (F^), we have shown the following 
new implication: 
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Theorem 1.3. Let k > be an integer and = Z[Xi, . . . ,Xk]. Suppose B is a 
superreflexive Banach space. If EL2{Ak) t< Al>Al has relative property {Tb), then 
SL^i^Ak) t< Al> Al has relative property (F^). 

To prove Theorem II .21 we combine Theorem II .31 with the foUowing relative (T^), 
Shalom's argument in [27j, and Vaserstein's bounded generation in [30] . 

Theorem 1.4. With the same notation as one in Theorem \1.3[ EL2{Ak) k A\\> A\ 
has relative property (Tc), where C stands for W (1 < p < oo) or 

Here for a unital ring A, ELn{A) denotes the subgroup of Mn{A) generated by all 
elementary matrices. Suslin's result [22] states that if n > 3, then ELn{Z[Xi, . . . , X^]) 
coincides with S'L„(Z[Xi, . . . , X^]). 

Further, we generalize property (F^) in a way similar to one by N. Monod |20j . 
Our next result is that the universal lattices have this property for B e Ui<p<oo 
[H] for the case that we restrict linear representations to non-trivial parts. We define 
that a group has property [FFb) if any quasi- action on B of the group has bounded 
orbits. We also define the property (FFb) for nontrivial linear part as a certain 
weaker form of (FF^). More precisely, property (FF^) for non-trivial linear part 
is some stronger modification of the boundedness property for all of the quasi- 
actions on B whose associated linear representations do not have non-zero invariant 
vectors. The exact definition and precise arguments will be taken place in Section 
[6l In the case that one restricts groups to those with finite abelianizations, for any 
superreflexive Banach space B, property (FF^) for non-trivial linear part is stronger 
than property (F^). We establish the following result. We mention that the result 
might be new even for the case that B = Ti. 

Theorem 1.5. {Main Theorem) Let k > be an integer andn > 4. Then universal 
lattice S'L„(Z[Xi, . . . ,Xk]) has property (FF^^p) {1 < p < oo) for non-trivial linear 
part and property (FF^t^j) for non-trivial linear part. 

The author does not know whether our argument can be extended to the case 
that B is not superreflexive. We note that V. Lafforgue [TS], [121 CoroUaire 0.7, 
Proposition 5.2 and Proposition 5.6] has shown that SL4^{Qp) (, where p is any prime 
number) and cocompact lattices therein, for instance, have (F^) for any Banach 
space B of non-trivial type. He has asked whether these group have (FF^) for a 
Banach space B of non-trivial type (or more generally, of non-trivial cotype). We 
note that the boundedness property (FF^) does not necessarily imply the fixed point 
property (F^) if B is not superreflexive. 

We apply Theorem 11.21 and Theorem 11.51 to the following two objects: actions 
on the circle, and second bounded cohomology. We note that for the same class 
C as in Theorem 11.21 (Fc) and (FFc) (and (FFc) for nontrivial linear part) pass to 
quotient groups and subgroups of flnite indices. (For the heredity to subgroups of 
finite indices, one uses induction. See [21 §8]). Therefore the corollaries below hold 
for F = ELn{A), where A stands for any unital, commutative and finitely generated 
ring. 
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Corollary 1.6. Let k > be an integer and C be the same class as one in Theorem 
Let n > A, and T be any group of one of the following three forms: 

(a) universal lattices S'L„(Z[Xi, . . . ,Xk]), 

(6) quotient groups of (a) , 

(c) subgroups of (a) or [b] with finite indices. 

Then for any a > 0, every homomorphism $: F ^ Diff^^"(S^) has finite image. 

Corollary 1.7. Let C and V be the same as in Corollaru \l.(k Then the comparison 
map in degree 2 

Hl{T]B) H^{T;B) 

is injective, for any B E C and any isometric representation p on B without trivial 
part. 

These apphcations above shall be discussed in Section [71 Corollary 11.61 states 
that the group F cannot act on the circle in non-trivial way, and it can be seen as 
an extension of Navas' theorem ^2] for Kazhdan groups for the case a > 1/2. In 
the case of subgroups of finite indices in SLn{Z), stronger result [211 Corollary 2.4], 
which shows a similar rigidity for homeomorphisms on the circle for these groups, is 
proved by D. Witte. The proof needs Margulis' normal subgroup theorem, and one 
cannot apply it straightforwardly to universal lattices. Corollary 11.71 can be seen as 
some generalization of [7, Theorem 21]. However, in the case of lattices F of higher 
rank algebraic groups G, much stronger result is known. Indeed, N. Monod and Y. 
Shalom [211 Theorem 1.4] have proved that unless Tiii^G) is infinite and the local 
field is M, the second bounded cohomology of F with separable coefficient Banach 
modules always vanishes. The author would like to conjecture the following: "Let F 
be the same as in Corollaru M.bX Then the second bounded cohomology of F vanishes 
for every separable coefficient Banach module.''^ 

In addition, we have defined the relative Kazhdan constant for property (Tj-^j) 
and perform a certain estimate. (See Appendix.) 

Proposition 1.8. With the same notation as one in Theorem M.^ letG = EL2{Ak) x 
A\ and N = A\. Set F be the set of all unit elementary matrices in G (c SL-^^Akj). 
Then the inequality 

1C{G; N, F; M) > {15k + 100)-^M-^ 

holds. In the case that k = 0, lC{SL2{Z) k Z^;Z'^, F; M) > {21M^)-^ holds. Here 
the symbol }C{G]N,F;M) denotes the generalized relative Kazhdan constant for 
unifomly bounded representations, which is defined in Definition \A.l[ 

Notation and conventions. 

Throughout this paper, we assume all rings are associative, all representations 
of a topological group are strongly continuous, and all subgroups of a topological 
group are closed. We also assume all discrete groups are countable. We let F, G and 
N be topological groups, B be a Banach space, C be a class of Banach spaces, and 
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Ti be an arbitrary Hilbert space. For a Banach space -B, we define S{B) as the unit 
sphere, B(i?) as the Banach algebra of all bounded linear operators on and (■, ■) 
as the duality B x B* ^ <C. In this paper, we shall define the following properties in 
terms of B: relative (Tb), (Tb); relative (Fb), (-^b); the Shalom property for (Fb); 
relative (FFb), (FFb), (FFb) for non-trivial linear part; and the Shalom property 
for (FFb). If we let (Pb) represent any of these properties, then we define the 
property (Pc) in terms of C as follows: having [Pc) stands for having [Pb) for all 
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2.1. Superrefiexivity and property(TB). 

Definition 2.1. ([2j) Let 5 be a Banach space. 

• A pair {G > N) of groups is said to have relative property (Tb) if for any 
isometric representation p of G on B, the natural isometric representation p' 
on B/BP^^^ does not admit almost invariant vectors. Here B'^^^^ stands for 
the subspace of B of all p(A^)-invariant vectors. 

• A group F is said to have property (Tb) if (F > F) has relative (T^). 

In the case that B is superrefiexive, we take the natural complement in B of 
BP^^\ We start with the definition of superrefiexivity. 

Definition 2.2. Let 5 be a Banach space. 

• The space B is said to be uniformly convex (or uc) if for all < e < 2, 

d\\.\\{e) > holds. Here for < e < 2, we define 

d\\.\\{e) = inf |l — - — '■ < 1, \\y\\ < 1, and \\x — y\\ > e j> . 

• The space B is said to be uniformly smooth (or us) if lim riLii (r)/r = holds. 

T— >0 

Here for r > 0, we define 



BeC. 
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2. Preliminaries 



r||.|| (r) = sup 




x + y\\ + \\x - y 



2 



— 1 : ||a;|| < 1, ||y|| < r 
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• The space B is said to be ucus if B is uc and us. 

• The space B is said to be superreflexive if it is isomorphic to some ucus 
Banach space. 

We call d and r the modulus of convexity and smoothness respectively. 

We refer to [H, §A] for details on ucus Banach spaces. 

Lemma 2.3. ([4J) Let {B, || ■ ||) be a Banach space. Then for any t > 0, r||.||(r) 
= supo<e<2 {^■7"/2 — d\\.\\^{e)} . In particular, B is us if and only if B* is uc. 

Lemma 2.4. ([!]) Let B be a us Banach space. Then for any x G S{B), there 
exists a unique element x* G S{B*) such that {x,x*) = 1. Moreover, the map 
S{B) S{B*)] X ^ X* is uniformly continuous. We call this map x ^ x* the 
duahty mapping. 

Any Hilbert space Ti is ucus because d\\.\\^{e) = 1 — ^Jl — {e/2Y and r||.||^(r) = 
Vl + r^— 1. Any L^ space is ucus if 1 < j9 < oo, whereas the L^ spaces and the 
spaces are not. (Here we assume dimensions > 2.) 

Remark 2.5. A representation p of F on i? is said to be uniformly bounded if 
IpI = sup^gp ||p((y')||B(B) < +00. Bader-Furman-Gelander-Monod [H Proposition 
2.3] have proved that any uniformly bounded representation p on a superreflexive 
Banach space B is isometric with respect to some ucus compatible norm. 

For an isometric representation p of F on 5, we define the contragredient repre- 
sentation p^ of F on B* as follows: for any g eT, (f) E B* and x E B, {x, p"^ {g)(f)) = 
{p{g~^)x, (p) . If B is us, then the equality {p{g)x)* = p'^{g)x* holds by definition. 

Proposition 2.6. ([H Proposition 2.6]) Suppose G\>N and p is an isometric rep- 
resentation of G on a us space B. Let Bo be and let Bi = B'^^j^-^ denote the 
anmhilator of {B*^^^^ m B. Then B = Bq®Bi is a decomposition of B into two 
p{G) -invariant subspaces. Furthermore, for any x = Xq -\- Xi (xq G Bq, Xi G Bi), the 
inequality \\xo\\ < \\x\\ holds. 

Proposition 2.7. ([2, Proposition 2.10]) Let G>N be a group pair. Suppose a 
Banach space B is superreflexive. Then for any isometric representation p of G, 
Bi = B'pf^j^^ is isomorphic to B/B^^^'^ as G -representations. Particularly, G\> N has 
relative (Tb) if and only if no isometric representation p admits almost invariant 
vectors in B'^^j^^ . 

2.2. Property (F^). An affine isometric action a of F on i? is an action of the 
form a{g)x = p{g)x + c{g). Here p is an isometric representation and c{g) G B. We 
sometimes simply write a = p + c. We call p and c respectively the linear part and 
the transition part of a. Because a is an action, the transition part c satisfies the 
following condition, called the cocycle identity: 

For any g,heT, c{gh) = c{g) + p{g)c{h). 

We also call c the cocycle part of a. 
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Definition 2.8. For an isometric representation p on B, we call a map c: F ^ 
B a p-cocycle if it satisfies tlie cocycle identity. We say c to be inner if tliere 
exists X E B sucfi tliat c{g) = x — p{g)x for all g E T. We let Z^{T,p) and 
B^{T, p) denote respectively the spaces of all p-cocycles and all inner p-cocycles. We 
define the first cohomology of F with p-coefficient as the additive group H^{r,p) = 
Z\T,p)/B\T,p). 

The space Z^{r, p) is a Frechet space with respect to its natural topology. Namely, 
the uniform convergence topology on compact subsets of F. However the coboundary 
i?^(F,p) is not closed in general. We shall examine details in Section O 

Definition 2.9. ([2j, for the second case) Let B be a Banach space. 

• A pair [G > N) of groups is said to have relative property (Fb) if any affine 
isometric action of G on i? has an iV-fixed point. 

• A group F is said to have property (Fb) if (F > F) has relative (F^). Equiv- 
alently, if for any isometric representation p of F on B, H^{r,p) = holds. 

2.3. Useful lemmas. Let S be a superrefiexive Banach space, G\> N, and F G G 
be a compact set. We define the Kazhdan constant for property (Tb) of {G; N, F, p) 
by the following equality: IC{G; N, F, p) = mi^^siBi) sup^g^ l|p('S)a; — Here Bi = 
^'p{N) Proposition 12.61 If G\>N have relative (T^) and F generates G, then for 
any isometric representation p on B, the constant /C(G; A^, F, p) is strictly positive. 

Lemma 2.10. Suppose B is us, G is a compactly generated group and F is a 
compact generating set of G. Let p be any isometric representation of G on B, x he 
any vector in B and 5x '■= sup^g^ l|p('5)a; — x\\. If a pair G > N has relative (Tb), 
then there exists a p{N) -invariant vector xq G B with \\x — xo\\ < 2}C~^6x- Here JC 
stands for the Kazhdan constant IC{G; N, F, p) for (T^). 

Proof. Decompose B as B = Bq (B Bi = B^^^^ © ^'p{n)^ x as x = xq + xi (xq G 
Bq,xi G -Bi). Then p{s)x — x = (p(s)xo — xq) + (p(s)xi — Xi) is the decomposition of 
p(s)x— X. For a general decomposition y = I/O +1/1, one has ||yi|| < ||y|| + ||l/o|| < 2||y|| 
by applying Proposition 12. 6[ Hence the inequality 26^ = 2sup^g^ IIpI'S)^; — x|| > 
supgg^ ||p(s)xi — xill > /C||xi|| holds. □ 

The following lemma and its corollary are well-known, and also important. 

Lemma 2.11. {lemma of the Chebyshev center) Let B be a uc Banach space and 
X be a bounded subset. Then there exists a unique closed ball with the minimum 
radius which contains X. We define the Chebyshev center of X as the center of this 
ball. 

Corollary 2.12. Let B be a superrefiexive Banach space and N be a subgroup of 
G. Then for any affine isometric action of G on B, the following are equivalent. 

(i) The action has an N -fixed point. 

(ii) Some {or equivalently, any) N -orbit is bounded. 
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2.4. Unit elementary matrices. Let A be a unital ring and n > 2. Let i,j be 
indices witli l<i<n, l<j<n, and i ^ j- For a G A, we let Eij{a) denote the 
matrix in M„(y4) whose all diagonal entries are 1, (z,j)-th entry is a and the other 
entries are 0. 

Let G = EL„,{A) x A">A'^ = A^. Then we identify G as 

G = := (-^x) ■ ^ ^ ^^n{A), V e A"| c 

We also identify with the additive group of all column vector v. Here we abbre- 
viate {I,v) e N C G by omitting /(= /„). 

In the case A = Aj. =Z[Xi, . . . ,Xk], we define the elementary unit matrices as 
the matrices of the form Eij{±Xi) (0 < / < k). Here we set Xq = 1. We also 
consider the case that G = ELn{Ak) k A^\>A^ = N. In the case above, we define the 
finite generating set F as follows: with the above identification G C ELn+i{Ak), we 
let F be the set of all unit elementary matrices in G. We also let Fi =F fl and 
F2=F\Fi. 



3. Proof of Theorem [in 

We keep the same notation and identifications as in Subsection 12.41 (with n = 3). 
We let A^i be the subgroup of A^(c SL^^A^)) of all elements whose (2,4)-th and 
(3, 4)-th entries are 0. Take an arbitrary affine isometric action a on B and fix 
one norm on B as in Remark 12.51 We decompose a into the linear part p and 
the cocycle part c. We also decompose B as B =Bq © Bi =Bp^^'^ © ^'p{n) 
obtain the associated decomposition c = Cq + Ci. From the p{G)- invariance of Bq 
and -Bi, each Cj, j G {0,1} is a p-cocycle. For any elements g = (-R, 0) G G and 
h = V E N, ghg~^ =(J, Rv) =:Rv G holds. In particular, by noting that p \j\f= id 
on Bq, we have the following equality: for any R G SL^i^A^) and v E N, Co{Rv) = 
p{{R,0))co{v). One can deduce the following observations from the equality above 
and the cocycle identity for ci. 

• The set Co{N) is bounded (and hence actually 0). 

• If Ci(A''i) is bounded, then Ci{N) is bounded. 

(The first part follows from the fact that any column vector in A^ can be written as 
a sum of three columns whose entries contain at least one 1.) 

Proof. ( Theorem \1.S\ ) Thanks to the two observations above and Corollary 12.121 it 
suffices to verify the boundedness of Ci(A''i). We define a finite subset Fq and two 
subgroups Gi, G2 of G by the following expressions respectively: 
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Here in the first definition, the expression means that for each element in Fq, only 
one of the above *'s is ±X/ {0 < I < k) and the others are 0. In the second and the 
third expressions, R' moves all elements in EL2{Ak) and v' moves all elements in 
Al We let D — sup^g^jj ||ci(s)||. We set N2 {<G2) as the group of all elements in G2 
with R' = I and L {<Gi) as the group of all elements in Gi with R' = I. A crucial 
point is that A^^i commutes with Fq. Therefore for any h E Ni and any s E Fq, we 
have the following inequality: 

\\p{s)c,{h) - c,{h)\\ = \\c,{sh) - c,{h) - c^is)\\ < ||ci(M - c^m + \\c^{s)\\ 
= \\p{h)c^{s)\\ + \\c,{s)\\=2\\c^is)\\<2D. 

We set a number JC as the minimum of the two numbers 1C{G2', A^2, -fo H 6*2, P IG2) 
and IC{Gi;L,Fo n Gi, p IgJ- Then from relative (T^) of EL2{Ak) x Al t>Al, K, is 
strictly positive. From Lemma 12.10^ for any x G Ci(A^i) one can choose a p(A^2)- 
invariant vector y and a p(L)-invariant vector z with ||a; — ?/|| < AK,~^D and ||a; — z|| < 
4)C~^D. Note that A^i is obtained by single commutators between N2 and L: for 
any h E N, there exist hi G Ni, h2 G N2, h' G N21 and I G L such that h = hih2 
and hi = h'lh'^^l^^. Hence for any x G Ci(A''i) and h E N, the following inequality 
holds: 

\\pih)x - x\\ = \\p{h'lh''^l-^h2)x - x\\ < 6\\x - y\\ + 4||x - z\\ < AOJC-^D. 

Now suppose that ci(iVi) is not bounded. We note that the upper bound of the 
inequality above is independent of the choices of x G ci(A'^i) and h E N. Therefore 
one can choose x G ci(A^i) such that \\p{h)x — x\\ < \\x\\ holds for all h E N. 
Then by applying Lemma 12. IH there must exist a non-zero p(A^)-invariant vector 
in Bi =B'pf^^Y but it is a contradiction. □ 

4. Proof of Theorem 11.41 

We would like to concentrate on investigation for the case of relative (T^-^j): the 
case of relative (T^p) directly follows from the original relative property (T) proved 
by Y. Shalom [25] and the relative version of (u) in Theorem II. 1[ We keep the same 
notation and identifications as in Subsection 12.41 (with n = 2). 

For any B G \hC\ and any isometric representation p on 5, one can regard p 
as a uniformly bounded representation on a Hilbert space Ti. The key to proving 
Theorem 11.41 is the following proposition by J. Dixmier, that states any uniformly 
bounded representation on a Hilbert space of an amenable group is unitarizable. 

Proposition 4.1. (|in|) Let K he a locally compact group. Suppose A is amenable. 

Then for any uniformly hounded representation p onTi of A, there exists an invertihle 
operator T G ]B(7i) such that-K = Ad(T)op is a unitary representation. In addition, 
one can choose T with ||T||b(-h) ||T^-'-||b(?^) < |pp. 



Proof. ( Theorem \1.4\ Outlined ) For simplicity, we shall show the case k = 0. 
Namely, relative property {T[n]) of N = < SL2{Z) k = G. 
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Suppose that there exist a ucus Banach space B G [H] and an isometric rep- 
resentation {p,B) of G such that p admits almost invariant vectors in B'^^j^^y We 
may assume that -B^(7V) = ^ because -Sp(jv) ^ [^]- Thanks to the amenabihty of 
and Proposition 14.11 we may also assume (p, Ti) is a unitary representation on 
. We choose any element x G S{B) and fix it. We let 6^ = sup^g^ l|p('5)a; — x\\b 
and S*x = sup^g^ ||p^(s)a;* — Here x ^— x* is the duality mapping defined in 

Lemma 12.41 

Then from chosen vector x and the duality on B, we can construct a spectral 
measure p = px on the Pontrjagin dual =T^ — I) • '^^^ method for con- 
structing the measure is similar to one in the original relative (T) argument as in [25] 
or in its slightly different interpretation [5l Theorem 12.1.10]. Unlike the original 
case of relative (T), p is complex- valued in general. Therefore we need to take the 
Hahn- Jordan decomposition of p and obtain the positive part p^. One can establish 
the following three facts: 

• The inequality p_|_(T^) > 1 holds. 

• For any Borel set D being far from the origin of (in certain quantitative 
sense), p+iD) = 0{Sx ■ 5%) as 4, 5% 0. 

• For any Borel subset Z C and g G F2, \p+{gZ) — p^{Z)\ = 0(5^ + 6*^) 
as 6x, S*x 0. Here for g G 5'L2(Z), g = {^g)~^ and SL2{'L) naturally acts 
on T2. 

Let X G S{B) move almost invariant vectors with 5x — ^ 0. Then from (uniform) 
continuity of the duality mapping, 5*x also tends to 0. Hence there must exist some 
vector X G S{B) such that the associated positive measure p+ has a non-zero value 
on {0} C T^. This contradicts our assumption that B^^^^ = 0. □ 

We refer to the Appendix for details and a certain quantitative treatment. 

5. Reduced cohomology, ultralimit, and Shalom's machinery 

Throughout this section, we let P be a discrete and finitely generated group and F 
be a finite generating subset of P. Y. Shalom [26j has defined the following property: 
an affine isometric action a of P on a Banach space B is said to be uniform if there 
exists £ > such that inf^^ge sup^gj;'||a(s)a; — x||> e holds. We note that this 
definition is independent of the choice of finite generating set F. The conception 
of uniformity of actions is closely related to the closure B (P, p) of the coboundary 
B^{T,p): for any isometric representation p, a p-cocycle c is in S (P,p) if and only 
if the associated affine action a = p + c is not uniform. 

Definition 5.1. The reduced first cohomology of P with p-coefficient is defined as 
the additive group H (P,p)= Z^{V,p)/B (P,p). 

In [2S1 Theorem 6.1], Y. Shalom has shown the following theorem: Suppose G is 
a compactly generated topological group. If G fails to have (FH), then there exists 
a unitary representation (tt, H) with H {G, n) 7^ 0. At least in the case of discrete 
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groups, one can extend this theorem to more general situations. One extension was 
essentially found by M. Gromov [12], and his idea is to take a scaling limit. 

An ultralimit means a unital, positive and multiplicative *-homomorphism uj- 
lim : C such that for any (a;„)^g converging to some element, uj- lim = 

lim Xn holds. Choose any ultralimit cu-lim. Then one can define the ultralimit of 

71— »00 

Banach spaces {B^, \\ ■ \\uj,z^) for any sequence || ■ of Banach spaces, 

norms and base points. Moreover, let Bn)n be a sequence of affine isometric 
actions of T. If the condition sup^g^sup^ — Zn\\ < +oo holds, then we can 

naturally define the ultralimit of actions a^^ on 5^. We refer to Silberman's website 
[28] for details of above and for a proof of the following proposition. 

Proposition 5.2. {proposition of scaling limit) Let a be an affine isometric action 
ofV on a Banach space B. Suppose a is not uniform hut has no fixed point. Then 
there exist a sequence of base points and positive numbers {zn, bn) with lim„ 6„ = +oo 
such that the ultralimit action on B^^ = cu-lim (5, ■ \\,Zn) is uniform. 

Corollary 5.3. Let C be a class of Banach spaces which is stable under ultralimits. 
If a finitely generated discrete group T does not have property (Fc), then there exist 
B E C and an isometric representation pofVonB such that H (r,p) ^ 0. 

We extend the conception of the Shalom property, which is found in [Sj Definition 
12.1.13]. 

Definition 5.4. Let i? be a Banach space and F be a finitely generated group. A 
triple of subgroups (G, ifi, H2) of V is said to have the Shalom property for (Fb) if 
all of the following four conditions hold: 

(1 ) The group T is generated by Hi and H2 together. 

(2 ) The subgroup G normalizes Hi and H2. 

(3) The group F is boundedly generated by G,Hi, and H2, namely, there exists 
/ G N such that F = -ffi(i) ■ • • HiQ^G, where every i{l), . . . , i{l) G {1, 2}. 

(4) For both i G {1,2}, Hi<T has relative (Fb). 

Now we shall introduce Shalom's machinery. We refer to [271 §4] for the original 
idea for the case that C = Ti. 

Theorem 5.5. {Shalom's Machinery) Let C be a class of superreflexive Banach 
spaces which is stable under ultralimits. Let T be a finitely generated group with a 
finite abelianization. Suppose there exist subgroups G,Hi, and H2 of T such that 
{G, Hi, H2) has the Shalom property for (Fc). Then F has property (Fc). 

Proof. Suppose the contrary. Then from Corollary 15.31 there must exist an affine 
isometric action ao on some i?o G C such that ao is uniform. For simplicity, we may 
assume that Bq is uc. Fix a finite generating set F of F. We set A as the class of all 
pairs {a, E) of an affine isometric action and a uc Banach space with the following 
two conditions: first, for any x & E, XlseF ||ct('S)a; — x\\e > 1 holds. Second, for all 
< £ < 2, the value of the modulus of convexity of at e is not less than that of Bq. 
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(We refer to Definition I2.2[ ) We note that this class A is non-empty. Furthermore, 
thanks to PQ §2, Theorem 4.4], A is stable under ultralimits. 

Next we define a number D as inf{||x^ — : {a,E) G A}. Here for i G {1,2}, 
X* moves through all a(ifj)-fixed point in ii^. We observe that the definition above 
makes sense with the aid of condition (4). By taking an ultralimit, one can show that 
D is actually a minimum. Let and a;^ be vectors which attain the minimum 
D. Also let {aoo,Eoo) G ^ be the associated affine action and poo be the linear 
representation for aoo- 

Decompose the action aoo into a^^^ and a'^, where the former takes values in 
E^^^'^ and the latter tales values in E'^ poo(r)- Then from the strict convexity of 
i?oo and condition (2), one can conclude that the a^(G')-orbit of E'^ ^^^j.^ compo- 
nent of each x^, i G {1,2} is one point (otherwise E'^ ^ must contain a non-zero 

Poo(r)-invariant vector) and hence bounded. Note that aJ;^'^(G')-orbits of the E'^^^ 
components are also bounded because F has a finite abelianization. Therefore in par- 
ticular, aoo(F)-orbit of x^ must be bounded with the use of condition (3). However 
it contradicts the definition of A. □ 

Prool (TheoremlTE) Let F = SL^{Ak), G ^ SL„_i(A.), and Hi,H2 = A^^-^ 
Here in F we realize G as the ((l-(n — 1)) x [l-[n — l)))-th parts, realize Hi as the 
((l-(n — 1)) X n)-th parts, and realize H2 as the (n x (l-(n — l)))-th parts. One can 
directly check that F has the trivial abelianization. We claim that {G, Hi, H2) has 
the Shalom property for (Fc). Indeed, condition (1) and (2) are confirmed directly, 
and condition (4) follows from Theorem 11.31 and Theorem II. 4[ Condition (3) is also 
ascertained from a deep theorem of L. Vaserstein [30] . 

Thanks to Theorem 15. 5[ it suffices to verify that C is stable under ultralimits. 
In the case that C = L^, it follows from [H] (we also refer to [T71 §15. Theorem 3] 
and p], §2]). In the case that C = [H], it is not stable. However for any M > 1, 
the following class Bm is stable under ultralimits: we define Bm as the class of all 
elements B in [H] which have compatible Hilbert norms with the norm ratio < M. 
By noticing that [H] = [Jm>i^m, one can accomplish the conclusion. □ 

The author does not know whether the assertion of Theorem 11.21 is satisfied for 
the noncommutative universal lattice £^L„(Z(Xi, X2, ■ ■ ■ ,Xk)) {n > 3). In the 
case above, although most of the ingredients are still valid, the bounded generation 
property may fail. We note that M. Ershov and A. Jaikin-Zapirain [TT] have proved 
property (T) of noncommutative universal lattices. 

6. Quasi-actions and property (FF^) 

Definition 6.1. Let B he a Banach space and F be a group. 

• A map f3 from F to the set of all affine isometries on B is called a quasi- action 
if the expression sup„^^gp sup^g^ \\(3(^gh)x — p(^g)(3(^h)x\\ is finite. 

• Let p be an isometric representation. A map b from F to 5 is called a 
quasi- p-cocycle if the expression sup^^^gp \\b{gh) — b{g) — p{g)b{h)\\ is finite. 
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Remark 6.2. In the definition of quasi- actions, one can decompose tlie map (3 into 
tfie linear part p and tlie transition part 6, namely, (3{g)x = p{g)x + b{g) for any 
(7 G r and x E B. Tlien from a standard argument, tfie map /? is a quasi-action if 
and only if p is a group representation and 6 is a quasi-p-cocycle. 

Next we define property (FF^) as follows. We mention that the original termi- 
nology in pQl for (FF>^) is property {TT). We use the terminology (FF^) because 
this property is more related to (F^) than to (T^). 

Definition 6.3. Let 5 be a Banach space. 

• A pair {G > N) of groups is said to have relative property (FFb) if for any 
quasi-action on B, some (or equivalently, any) A^-orbit is bounded. This is 
equivalent to the condition that for any isometric representation p of G on 
B and any quasi-p-cocycle b, b{N) is bounded. 

• A group F is said to have property (FFb) if (F > F) has relative (FF^). 

• Suppose B is super reflexive in addition. Then a group F is said to have 
property (FFb) for non-trivial linear part if the following condition holds: 
for any isometric representation p of F on _B and any quasi-p-cocycle b, 6i(F) 
is bounded. Here we decompose b as bo + bi such that 6o takes values in 
Bq = B^^^^ and bi takes values in Bi = B'^^^^y 

By observing our proof of Theorem 11.31 one can extend the argument to the case 
that c is a quasi-p-cocycle. Thus one obtains the following theorem. 

Theorem 6.4. With the same notation as one in Theorem \l.^ let B be any super- 
reflexive Banach space. If EL2{Ak) x Al has relative (Tb), then SL^i^A^) k Al has 
relative (FF^). 

We define the following property to prove Theorem 11.51 

Definition 6.5. With the same notation as in Definition 15. 4[ the triple of subgroups 
{G, Hi, H2) of F is said to have the Shalom property for {FFb) if the following four 
conditions (1), (2), (3), and (4') hold: condition (1), (2), and (3) are same as in 
Definition 15.41 And we define a new condition (4') by replacing relative {Fb) with 
relative (FFb) in condition (4) in Definition 15.41 

Proposition 6.6. Let B be a superreflexive Banach space and T be a group. Sup- 
pose F has property {Tb) o,nd there exist subgroups G,Hi, and H2 of F such that 
{G, Hi, H2) has the Shalom property for (FF^). Then F has property (FF^) for 
non-trivial linear part. 

Proof. For simplicity, we assume that B is ucus. Let p be an arbitrary isometric 
representation of F on i? and b be an arbitrary quasi-p-cocycle. We decompose 
B =Bq®Bi= S^(r)©5^(p) and b = bo + bi. We set C = sup^^^^gr \\bi{g) + p{g)bi{h) - 
bi{gh)\\. From condition (4') of the Shalom property for (FF^), there exists a positive 
number G' such that for any h E HiVJ H2, \\bi{h)\\ < G' holds. By making use of 



14 



MASATO MIMURA 



condition (2), one obtains the following inequality: for any g E G and h E HiU H2, 

Mh)h{g) - b,{g)\\ < \Mhg) - b,{g)\\ + \\h{h)\\ + C 
<\\h{hg) - h{g)\\ +C + C' = \\h{gg~'hg) - h{g)\\ + C + C 
<\\pigMg-'hg)\\ +2C + C'< 2(0 + C). 

Let S be any finite subset of F. From the inequality above and condition (1), 
sup^g5 — x\\ is bounded independently of the choice of a; G bi{G). 

Now suppose that bi{G) is not bounded. Then p must admit almost invariant 
vectors in Bi, but it contradicts property {Tb) of F. Therefore 61(G) is bounded. 
Finally, one obtains the boundedness of &i(F) through use of the bounded generation 
(condition (3)). □ 

Proof. ( Theorem \1.5\ ) The conclusion follows from Theorem 11.21 Theorem 16.41 and 
Proposition 16. 6[ □ 

The author does not know whether similar boundedness property holds for trivial 
linear part. 

Remark 6.7. Recently, N. Ozawa has strengthened property (TT)(= property 
(FFt^)) and defined the concept of property (TTT). In [21], he has proved that 
EL2{Ak) K Al\>Al has relative property (TTT), where means Z[Xi, . . . , X^]. 
Hence from Proposition 16.61 it is established that the universal lattice SL^IA^^) has 
(FF>^) for non-trivial linear part. Ozawa exploits Fock Hilbert spaces and positive 
definite kernels to obtain the relative property (TTT) in above. Therefore it may 
remain unknown whether SL^{Ak) possesses property (FFc) for non-trivial linear 
part or (more weakly,) property (Fc). Here C stands for W {2 < p < 00) or \H]. 

7. Applications 

7.1. Actions on the circle. Let be the unit circle in and identify with 
[— 7r,7r). We denote by Diff+(S"^) the group of orientation preserving group diffeo- 
morphisms of S^. 

Definition 7.1. Let a > be a real number. The group Diff^^"(S^) is defined as 
the class of all orientation preserving group diffeomorphisms / of such that /' 
and {f~^y are Holder continuous with exponent a. Here a function g G Diff+(S^) 
is said to be Holder continuous with exponent a if 

II II l^(^l)-^?(^2)| ^ 
mla = sup — ^ -—— < 00 

holds. 

A. Navas [22j has shown the following theorem: For any discrete group F with 
property (T), every homomorphism from F into Diff^'*""(S^) has finite image, for 
any a > 1/2. He has also noted in [221 Appendix] that his theorem can be extended 
to general cases. (See also ^ §l-b].) 
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Theorem 7.2. ([23j) Let 1 < p < oo and T be a discrete group with property (Flp)- 
Then for any a > 1/p, every homomorphism V Diff^"^"(S^) has finite image. 

For the proof, Navas generahzes the argument in [22] by using the Liouville 
cocycle of Diff^+"(Si) on (S^ x S^), that is, 

Proof. ( Corollary \1. 61 ) It is straightforward from Theorem 1 7 . 2 1 and Theorem II .21 □ 

7.2. Bounded cohomology. We would hke to refer to Monod's book [20] for de- 
tails on bounded cohomology. Throughout this subsection, we let F be a discrete 
group. In the definitions below. We write -f^*(F; B) for short. 

Definition 7.3. ([20]) Let {B,p) be a Banach T-module, namely, i? be a Banach 
space and p be an isometric representation of F on B. 

• The bounded cohomology -ff*(F; B, p) of F with coefficients in {B, p) is defined 
as the cohomology of the following cochain complex: 

— > r{T, Bf^^'^ — > ^°^(F2, S)^(^) — ^ £°°(F^ BY^^^ — > ■ ■ ■ 

• The comparison map is the collection of linear maps \I'*: H'iT; B, p) — >■ 
iJ*(F; B, p), where the maps above are naturally determined by the complex 
inclusion. 

We note that in general the comparison map is neither injective nor surjective. 

Proof. { Corollary Il.Tl ) From an argument similar to one in [SUl Proposition 13.2.5], 
one can show the following: The comparison map in degree 2 \E'^: H^{r;B) 
H^{r;B) is injective for any isometric representation without trivial part p on B if 
F has (FFb) for non-trivial linear part. □ 

Appendix A. Relative Kazhdan constant for property (T) for uniformly 

bounded representations 

We define the Kazhdan constant for relative property (T[-^]). For quantitative 
treatments, it is more convenient to focus on a Hilbert space 7i. Therefore we define 
the extension of the Kazhdan constant in terms of uniformly bounded representa- 
tions on H. 

Definition A.l. Let F > A be a pair of groups, and F be a compact subset of F. 
For M > 1, we define Am as the class of all pairs (p, ?i) with \p\ < M. We define 
the generalized relative Kazhdan constant for uniformly bounded representations by 

^F;A,F;M)= inf inf sup ||p(s)x - xH^^. 

Our proof of Proposition 11.81 is a development of Kassabov's work [T^], originally 
by M. Burger [B] and Y. Shalom [23]. We make use of the following quantitative 
version of Lemma 12. 4[ 
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Lemma A. 2. ([4, Proposition A. 5], modified) Let B he us. Suppose < k < 2. 
Then for all x,y E S{B) with \\x — y\\ < n, the inequality \\x* — y*\\^ < 2r\\.\\(2K) j n 
holds. 

Let F be a group and M > 1. For any (p, Ti) G Am, we define the norm || ■ \\p on 7i 
as the dual norm of the following norm ||-||p*: for G Ti* , ||0||p* :=supggp 
This norm || ■ ||p satisfies the following three properties: first, || ■ ||p is compatible 
with II ■ ||-^ with the norm ratio < M. Second, p is isometric with respect to || ■ ||p. 
Third, (7^, || • ||p) is us. Indeed, thanks to Lemma [2.31 one has that for any r > 0, 
the inequality r||.||^(r) < ^/iTMh^ - 1 < MVV2 holds. 

Proof. ( Proposition \1.8\ ) We stick to the notation and the identifications in Subsec- 
tion [2]4] (with n = 2). Let e > 0. Suppose that there exists {p^'H) G Am such that 
p admits a non-zero vector x in '^^p(7v) which satisfies sup^g^^ ||p(s)x — a;||-^ < £||a;||-^. 
We may assume that H^*-^-' = 0. For this (p, 7i), we take the us norm || ■ ||p defined 
in the paragraph above. Thus by applying Lemma IA.21 we can assume that there 
exists X G 7i with ||2;||p = 1 such that 

sup ||p(s)a; — a;||p < Me and sup ||p^(s)x* — x*||p=K < 4M'^£:. 

Thanks to Dixmier's unit arizat ion, we have an invertible operator T G B(7i) with 
||7'||b(-h) ||^~"'^||b(-h) < M"^ such that tt := Ad(T) o p |jv is unitary. Let N denote the 
Pontrjagin dual of N . By general theory of Fourier analysis, one obtains a standard 
unital *-hom a : C(A) B(7i) from the unitary operators ti{N). From Riesz- 
Markov-Kakutani theorem, one obtains the complexed- valued regular Borel measure 
p on N satisfying the following: for any / G C(A), Jj^ f dfi = {T^^a{f)Tx, x*). (We 
note that T = J in our proof of Theorem 11.41 ) We take the Jordan decomposition 
of Rep = p+ — p„. Here p+ ± p_ (this means they are singular) and both of them 
are positive regular Borel measure. Then the inequality p+(A) > 1 holds. 

First, we discuss the case that k = 0. We take the following well known decom- 
position of A = T2 ^ I ) : ti, t2 G [-|, i)}: 

{0}, Z)o = {|ti|>l/4or |t2|>l/4}, 

Di = {\t2\ < \ti\ < 1/4 and tits > 0}, D2 = {\ti\ < ItsI < 1/4 and tits > 0}, 
^3 = {\ti\ < ItsI < 1/4 and tits < 0}, D4 = {ItsI < |ti| < 1/4 and tits < 0}. 

We consider the natural 5'L2(Z)-action on defined as follows: for any g G S'Ls(Z), 
the action map g of g : t ^-^ gt is the left multiplication of the matrix g = {^g)^^. 
This action naturally induces the 5'L2(Z)-action on C(T^) as gf{t)= f{gt). Then 
one can check the following equality: for any g G S'L(2,Z) and any / G C(T^), 
o'{gf) = Tp{g)T~^a{f)Tp{g~^)T~^. With some calculation, one can also obtain the 
following two estimations: 

• The inequahty p+(£'o) < 4M^e2 j^^j^g^ 

• For any Borel subset Z C T"^ and any g G Fs(c SL2{Z)), the inequality 

\p+{gZ) - p+{Z)\ < 5M^e holds. 
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Indeed, for instance, the former inequality follows from the argument below. For 
z = 1,2, set Dq = suppyU+ n {|ti| > l/4}c Dq. By approximating (pointwisely) Xdj 
by continuous functions and obtaining an associated projection P G IB(7i), one can 
make estimate as follows: for each i G {1,2}, 





/ \1 — Zif dfi 














|(T-V(1- 


Zi)* Po{l - Zi) 


Tx 


X*>| 



(1 - Zi)xDd^ - Zi)d^ 



< 



(T-i (/ - Tpik^T-^yP {I - Tp{h,)T-') Tx, x*)\ 

{T-^ (/ - Tp{hT^)T-^) PT (/ - p{hi)) X, X*) I (Recall Ad(T) o p |^ is unitary), 
((/ - p{hT^)) T-'PT (/ - p{h,)) x,x*)\ = \ {T-'PT {x - p{hi)x) , X* - p\K)x*)\ 
\T-^PT{x- p{hi)x)\\ \\x* ~ p\hi){x*)\ 



p* 



<m\\t-^pt\ 



\x 



p{hi)x\\^ \\x* - p\hi)x*\\^^ < 4MV. 



Here for i G {1,2}, Zi G C(T^) means t i— e' 



2Try^ti 



{ti is the 2-th component of 



t G T^) and hi G Fi means Ei^s{l) as in Subsection I2.4[ In above, we mention that 
for V G B(7i), V* means the adjoint operator of V. 

Thanks to these two estimations, one can verify p_^{Di) < 5M^e + AM'^e'^ for 
1 < z < 4. (For instance, g^{Di U D2)c D2 U Dq, where _ = Ei,2(-1).) Hence 
the inequality /i+(T2 \ {0}) < 20M^e + 20M^e^ holds. If £ < (21M^)-^ then there 
must exist a non-zero p(A^)-invariant vector. It is a contradiction. 

For the general case, let us recall Kassabov's argument in [15]. We identify Ak 
with the set of all formal power series of variables Xf^ {1 < I < k) over Z = T. 
Here the pairing is defined by 

(aXr ■ ■ ■ ■ ■ ■ X-^'^) = 0(a)5.„,, ■ ■ ■ 5,,,,. 

We define the valuation v on Ak as the minimum of the total degrees of all terms. 
Here we naturally define f (0) = +00. We decompose N \ {0}= A^'^ \ {0} as follows: 

A = {{xi,X2) ■■ v{xi) > v{x2) > 0}, B = {{xi,X2) ■■ v{xi) = v{x2) > 0}, 
C = {{xi,X2) ■■ v{x2) > v{xi) > 0}, D = {{xi,X2) ■■ v{xi)v{X2) = 0}. 



Then from an argument similar to one in [T2j, we have the following inequalities: 
p+{A) < p+{D) + 5{k + 1)M^€, p+{B) < p+{D) + 5kM^e, and p+{C) < p+{D) + 
5{k + l)M^e. We naturally define the restriction map res: X ^ Tl? and obtain 
that p^{D) = /i+(iV \ res-^O}) < 20M6e + 2S)M'^ . Finally, by combining these 
inequalities we conclude that 



/i+(iV \ {0}) < (15A; + 90)M^e + 80MV. 
Hence in particular e must be more than [Vbk + 100)^^M^^. 



□ 
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